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An Algorithm to Compute the Nearest Point
in the Lattice

Robby G. McKilliam, Student Member, IEEE,
I. Vaughan L. Clarkson, Senior Member, IEEE, and

Barry G. Quinn

Abstract—The lattice A is an important lattice because of its covering
properties in low dimensions. Clarkson described an algorithm to compute
the nearest lattice point in A that requires O(n logn) arithmetic opera-
tions. In this correspondence, we describe a new algorithm. While the com-
plexity is still O(n logn), it is significantly simpler to describe and verify.
In practice, we find that the new algorithm also runs faster.

Index Terms—Channel coding, direction-of-arrival estimation, fre-
quency estimation, lattice theory, nearest point algorithm, quantization,
synchronization.

I. INTRODUCTION

The study of point lattices is of great importance in several areas
of number theory, particularly the studies of quadratic forms, the ge-
ometry of numbers, and simultaneous Diophantine approximation, and
also to the practical engineering problems of quantization and channel
coding. They are also important in studying the sphere packing problem
and the kissing number problem [1], [2].

A lattice, L, is a set of points in n such that

L = fxxx 2 njxxx = BwBwBw;www 2 ng

where BBB is termed the generator matrix.
The lattice A�

n
is an interesting lattice due to its covering proper-

ties in low dimensions. It gives the thinnest covering in all dimensions
up to 8 [2]. A�

n
has also found application in a number of estimation

problems including period estimation from sparse timing data [3], fre-
quency estimation [4], and direction of arrival estimation [5].

The nearest lattice point problem is as follows. Given yyy 2 n and
some lattice L whose lattice points lie in n, find the lattice point xxx 2
L such that the Euclidean distance between yyy and xxx is minimized. If
the lattice is used for vector quantization then the nearest lattice point
corresponds to the minimum distortion point. If the lattice is used as a
code for a Gaussian channel, then the nearest lattice point corresponds
to maximum-likelihood decoding [6].

Conway and Sloane [6] appear to have been the first to study the
problem of computing the nearest lattice point inA�

n
. By decomposing

A�

n
into a union of translations of its dual lattice An, they discovered

an algorithm for computing the nearest lattice point to a given point in
O(n2 logn) arithmetic operations. Later [7], they were able to improve
the execution time of the algorithm to O(n2) operations.
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Clarkson [1] further improved upon the work of Conway and Sloane
and described an algorithm to compute the nearest lattice point that re-
quires only O(n logn) arithmetic operations. In this correspondence,
we describe an algorithm that is similar to Clarkson’s algorithm. Like
Clarkson’s algorithm, our algorithm requires O(n logn) arithmetic
operations. However, our algorithm and its derivation are simpler. The
new algorithm, although of the same order of complexity, is computa-
tionally superior.

We now describe how the correspondence is organized. Section II
introduces some preliminary results and definitions. In Section III, we
derive all results necessary to prove that the algorithm does find the
nearest lattice point. Section IV describes the algorithm. A pseudocode
implementation is provided. In Section V, the arithmetic complexity of
the algorithm is shown to be O(n logn). We also tabulate some prac-
tical computation times that show the new algorithm to be computa-
tionally superior to Clarkson’s original algorithm.

II. PRELIMINARY THEORY

Vectors and matrices are written in bold font. The ith element in
a vector is denoted by a subscript: xi. The transpose of a vector is
indicated by superscript T : xxxT . We let 1 be a column vector of 1’s
and eeei be a column vector of zeros with a 1 in the ith position.

The Voronoi region or nearest neighbor regionV (xxx) of a lattice point
xxx is the subset of n such that, with respect to a given norm, all points in
V (xxx) are nearer to xxx than to any other point in the lattice. The Voronoi
regions are n-dimensional polytopes [2].

The cubic lattice n is the set of n-dimensional vectors with integer
elements. The Voronoi regions of n are hypercubes of side length 1.

The lattice A�

n can be defined as the projection of the cubic lattice
n+1 onto the hyperplane orthogonal to 1. This is

A
�

n = fQQQxxx j xxx 2 n+1g (1)

where QQQ is the projection matrix

QQQ = III �
11

T

n+ 1
(2)

where III is the (n + 1)� (n + 1) identity matrix.
Let ��� be a permutation matrix. Observe the following elementary

properties:
1) ���1 = 1,
2) 1T��� = 1

T ,
3) k���xxxk = kxxxk.
Lemma 1: The matrices ��� and QQQ commute, i.e., ���QQQ = QQQ���.

Proof: Using the properties of the permutation matrix, observe
that

���QQQ = ��� III �
11

T

n+ 1
= ����

���11T

n+ 1

= ��� �
11

T

n+ 1
= ����

11
T���

n+ 1

= III �
11

T

n+ 1
��� = QQQ���:

Corollary 1: For all zzz 2 n+1; kQQQzzzk = kQQQ���zzzk.

Corollary 2: xxx 2 A�

n if and only if ���xxx 2 A�

n.
Proof: Because the inverse of a permutation matrix is also a per-

mutation matrix, we need only prove sufficiency. If xxx 2 A�

n then

xxx = QQQkkk with kkk 2 n+1. Therefore, ���xxx = ���QQQkkk = QQQ���kkk = QQQkkk
0

where kkk0 = ���kkk 2 n+1 and so ���xxx 2 A�

n.

Corollary 3: The lattice point xxx is a closest point in A�

n to yyy if and
only if ���xxx is a closest point in A�

n to ���yyy.
Proof: As for Corollary 2, we need only show sufficiency. We

do this by contradiction. Suppose ���xxx is not closest to ���yyy but there is
instead some ���zzz 2 A�

n such that

k���(zzz � yyy)k < k���(xxx� yyy)k:

This implies that

kzzz � yyyk < kxxx� yyyk

which contradicts the assumption that xxx is a closest point to yyy in A�

n.

Hence, in considering an algorithm to find a closest point in A�

n to
yyy, it is sufficient to consider a canonical permutation of yyy. We will
see that it is very convenient to consider the permutation in which the
(centered) fractional parts of yyy, i.e., fyig = yi � byie, are sorted in
descending order. That is, in the sequel, except where otherwise noted,
we will assume that

fy1g � fy2g � � � � � fyn+1g: (3)

In the case, that two or more fyig are equal then multiple orderings of
yyy satisfy (3). The following arguments and the subsequent algorithm
are valid for any ordering of yyy that satisfies (3).

III. CLOSEST POINT IN A�

n

Lemma 2: If xxx = QQQkkk is a closest point in A�

n to yyy 2 n+1 then
there exists some � 2 for which kkk is a closest point in n+1 to
yyy + �1.

Proof: Decompose yyy into orthogonal components QQQyyy and t1 for
some t 2 . Then

kyyy � xxxk2 = kQQQ(yyy � kkk)k2 + t
2(n+ 1): (4)

Observe that

QQQ(yyy � kkk) = yyy + �1� kkk

where we set

� =
1
T (kkk � yyy)

n+ 1
:

Supposekkk is not a closest point in n+1 to yyy+�1. Suppose kkk0 is closer.
Let xxx0 = QQQkkk

0. Then

kyyy � xxx
0k2 = kQQQ(yyy � kkk

0)k2 + t
2(n+ 1)

� kyyy + �1� kkk
0k2 + t

2(n+ 1)

< kyyy + �1� kkkk2 + t
2(n+ 1) = kyyy � xxxk2

contradicting the assumption that xxx is a closest point in A�

n to yyy.

Authorized licensed use limited to: MACQUARIE UNIV. Downloaded on June 04,2010 at 02:13:42 UTC from IEEE Xplore.  Restrictions apply. 



4380 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 9, SEPTEMBER 2008

Now consider the function fff : 7! n+1 defined so that

fff(�) = byyy + �1e

where b�e applied to a vector denotes the vector in which each element
is rounded to a nearest integer.1 That is, fff(�) gives a nearest point in
n+1 to yyy+�1 as a function of �. Observe that fff(�+1) = fff(�)+1.

Hence

QQQfff(�+ 1) = QQQfff(�): (5)

Lemma 2 implies there exists some � 2 such that xxx = QQQfff(�) is
a closest point to yyy. Furthermore, we see from (5) that � can be found
within an interval of length 1. Hence, if we define the set

S = ffff(�) j � 2 [0; 1)g

then QQQS contains a closest point in A�

n
to yyy.

If the fractional parts of yyy are sorted as in (3), it is clear that S con-
tains at most n + 2 vectors, i.e.,

S � fbyyye; byyye+eee1; byyye+eee1+eee2; . . . ; byyye+eee1+ � � �+eeen+1g: (6)

It can be seen that the last vector listed in the set is simply byyye+1 and
so, once multiplied by QQQ, the first and the last vectors are identical.

An algorithm immediately suggests itself: test each of the n + 1
distinct vectors and find the closest one to yyy. Indeed, this is exactly the
principle of the algorithm we propose here. It only remains to show that
this can be done in O(n logn) arithmetic operations.

IV. ALGORITHM

We label the elements of S according to the order given in (6). That
is, we set uuu0 = byyye and, for i = 1; . . . ; n

uuui = uuui�1 + eeei: (7)

Let zzzi = yyy�uuui. Clearly, zzz0 = fyyyg. Following (4), the squared distance
between QQQuuui and yyy is

kyyy �QQQuuuik
2 = di + t

2(n+ 1) (8)

where we define di as

di = kQQQzzzik
2 = zzzi �

zzzTi 1

n+ 1
1

2

= zzz
T

i zzzi �
(zzzTi 1)

2

n+ 1
: (9)

We know that the nearest point to yyy is that QQQuuui which minimizes (8).
Since the term t2(n+ 1) is independent of the index i, we can ignore
it. That is, it is sufficient to minimize di; i = 0; . . . ; n.

We now show that di can be calculated inexpensively in a recursive
fashion. We define two new quantities, �i = zzzTi 1 and �i = zzzTi zzzi.
From (7)

�i = zzz
T

i 1 = (zzzi�1 � eeei)
T
1 = �i�1 � 1 (10)

and

�i = zzz
T

i zzzi = (zzzi�1 � eeei)
T (zzzi�1 � eeei)

= �i�1 � 2fyig+ 1: (11)

1The direction of rounding for half-integers is not important. However, the
authors have chosen to round up half-integers in their own implementation.

TABLE I
COMPUTATION TIME IN SECONDS FOR 10 TRIALS

Algorithm 1 now follows.

The main loop beginning at line 7 calculates the �i and �i recur-
sively. There is no need to retain their previous values, so the subscripts
are dropped. The variable D maintains the minimum value of the (im-
plicitly calculated values of) di so far encountered, and m the corre-
sponding index.

V. COMPUTATIONAL COMPLEXITY

Each line of the main loop requires O(1) arithmetic computations
so the loop (and that on line 14) requires O(n) in total. On line 4 the
function dsortindices(zzz) returns the vector sss such that zs � zs �
� � � � zs . This sorting operation requires O(n logn) arithmetic
operations. The vector operations on lines 1–3, 13, and 16 all require
O(n) operations. It can be seen, then, that the computational cost of
the algorithm is dominated by the sorting operation and is therefore
O(n logn).

Clarkson’s original algorithm required two sorts of n+ 1 elements.
The new algorithm requires only a single sort. Seeing as the sort domi-
nates the complexity of both algorithms, we might expect our algorithm
to require approximately half the arithmetic operations of Clarkson’s
original algorithm. This appears to be the case for small n. Table I
shows the practical computational performance of Clarkson’s algo-
rithm versus our new algorithm. It is evident that the new algorithm
is computationally superior, particularly for small n. It appears that the
computational performance of the algorithms converge for large n. The
computer used for these trials is an Intel Core2 running at 2.13 GHz.

As a final note, the algorithm proposed here can be extended to other
lattices for which Lemmata 1 and 2 hold. Potential candidates are the
Coxeter lattices [8], [9].

Authorized licensed use limited to: MACQUARIE UNIV. Downloaded on June 04,2010 at 02:13:42 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 9, SEPTEMBER 2008 4381

REFERENCES

[1] I. V. L. Clarkson, “An algorithm to compute a nearest point in the lat-
tice ,” in Applied Algebra, Algebraic Algorithms and Error-Correcting
Codes (Lecture Notes in Computer Science), M. Fossorier, H. Imai, S.
Lin, and A. Poli, Eds. Berlin, Germany: Springer-Verlag, 1999, vol.
1719, pp. 104–120.

[2] J. H. Conway and N. J. A. Sloane, Sphere Packings, Lattices and
Groups, 3rd ed. New York: Springer-Verlag, 1998.

[3] I. V. L. Clarkson, “Approximate maximum-likelihood period estima-
tion from sparse, noisy timing data,” IEEE Trans. Signal Process., vol.
56, no. 5, pp. 1779–1787, May 2008.

[4] I. V. L. Clarkson, “Frequency estimation, phase unwrapping and the
nearest lattice point problem,” in Proc. Int. Conf. Acoustics, Speech and
Signal Processing, Phoenix, AZ, Mar. 1999, vol. 3, pp. 1609–1612.

[5] B. G. Quinn, “Estimating the mode of a phase distribution,” in Proc.
Asilomar Conf. on Signals, Systems and Computers, Pacific Grove, CA,
Nov. 2007, pp. 587–591.

[6] J. H. Conway and N. J. A. Sloane, “Fast quantizing and decoding and
algorithms for lattice quantizers and codes,” IEEE Trans. Inf. Theory,
vol. IT-28, no. 2, pp. 227–232, Mar. 1982.

[7] J. H. Conway and N. J. A. Sloane, “Soft decoding techniques for codes
and lattices, including the Golay code and the Leech lattice,” IEEE
Trans. Inf. Theory, vol. IT-32, no. 1, pp. 41–50, Jan. 1986.

[8] H. S. M. Coxeter, “Extreme forms,” Canad. J. Math., vol. 3, pp.
391–441, 1951.

[9] J. Martinet, Perfect Lattices in Euclidean Spaces. Berlin, Germany:
Springer-Verlag, 2003.

A Group Ring Construction of the Extended
Binary Golay Code

Ian McLoughlin, Student Member, IEEE, and
Ted Hurley, Member, IEEE

Abstract—We give a new construction of the extended binary Golay code.
The code is constructed as a zero divisor code over the dihedral group of
twenty-four elements, DDD . The construction is algebraic, much like the
construction of the (23; 12;7) binary Golay code from a polynomial.

Index Terms—Block codes, dual codes, Golay codes, group theory, rings
(algebraic).

I. INTRODUCTION

In this correspondence, we give a new construction of the extended
binary Golay code. The construction follows the methods given in a
recent paper on codes derived from group rings [1].

The extended binary Golay code is not cyclic. Thus, it cannot be
constructed using a zero divisor in a cyclic group ring. Here we present
the code as a zero divisor code in the group ring of the dihedral group,
DDD24. This gives an algebraic description of the code, allowing its use
by formula.

This correspondence is organized as follows. The binary Golay
codes and codes from group rings are discussed in Section II. In
Section III we give the construction of the code, showing that it is
self-dual and also that it is of dimension twelve. Section IV contains a
proof that the constructed code is of minimum distance eight.
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II. BACKGROUND

A. The Extended Binary Golay Code

The extended binary Golay code is the unique (24; 12; 8) linear
block code [2], [3]. It is used to transform blocks of 12 bits into blocks
of 24 bits, known as codewords. Every two length–24 blocks then
differ in at least eight bit positions. Should the blocks subsequently be
subjected to a certain degree of noise, the original 12 bit blocks are
still recoverable.

1) Self-Dual Codes: This Golay code is a self-dual code [4, p. 32].
A linear block code is a subspace of a vector space [5, p. 49]. The dual
of a code is the set of all vectors in the vector space whose dot product
with each and every codeword is zero. In our vector space of dimension
24 and subspace of dimension 12, the maximum dimension of the dual
is also 12. This follows from the rank-nullity theorem in linear algebra
[6, p. 262]. For this code, the dimension is exactly 12. It turns out that
the dual is the code itself [4, p. 32]. Codes with this property are said
to be self-dual.

2) The Golay Codes: The original Golay codes were first derived
by Marcel J. Golay in 1949 [7]. He discovered a binary (23; 12; 7)
and a ternary (11; 6; 5) code, both of which are perfect. The code for
discussion in this correspondence is an extension of the former, binary
code by a single parity bit. This extension renders the code not perfect.
The original length–23 binary code is not self-dual, however.

3) Recent Work: Recently, the extended binary Golay code has ap-
peared in the literature. Peng and Farrell [8] gave a new construction of
it in their 2006 paper which appeared in the IEEE TRANSACTIONS ON

INFORMATION THEORY [8]. A masters student from the Uppsala Uni-
versity in Sweden wrote her thesis about the various constructions and
properties of the code this year [9]. Also a paper appeared in 1999
in the MIT Undergraduate Journal of Mathematics about all of the
Golay codes [10]. Furthermore, an unpublished paper written in 1997
by Chapman at the University of Exeter gives a survey of the Golay
codes [11]. Various other papers about the code have appeared in re-
cent times, mostly dealing with decoding it.

B. Group Ring Codes

A new method for constructing codes from zero-divisors in group
rings was published in 2007 [1].1 Methods for creating codes from zero
divisors in cyclic group rings have long been known. The terminology
and notation used is generally different from those here but the methods
can be found in any book on coding theory, notably Huffman’s book
[4, p. 121]. For instance, the (23;12; 7) binary Golay code is usually
constructed using the zero divisor u = 1+ g2+ g4+ g5+ g6+ g10+
g11 in the group ring 2CCC23. Here, 2 = 2 is the finite field with
two elements, or the integers modulo two and CCC23 is the cyclic group
of 23 elements. The method used in Hurley’s paper for creating code
generating matrices from such zero divisors is new and differs from
that in Huffman’s book. Hurley’s method is outlined next.

1) Creating the Matrices: We first fix our listing of CCC23 and create
the matrix MCCC23 = (aij) = (gj

�1gi). This is a 23� 23 whose ijth
entry is the ith element in our listing premultiplied by the inverse of
the jth element. In general, using any group G of any order n, and any
listing of that group fg1; g2; . . . ; gng the RG-matrix of the listing is
defined as MG = (aij) = (gj

�1gi). In the case in question, because
of the listing chosen this matrix is circulant.

The next step in our construction is to create a second matrix, this
time with entries from 2. We transform the matrix MCCC23 into the
matrixU by replacing each entry with its coefficient in u. For example,

1A related method for constructing codes from units in group rings is con-
tained in the same paper.
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